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QUANTUM TORUS SYMMETRIES OF THE CKP AND
MULTI-COMPONENT CKP HIERARCHIES
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Department of Mathematics, Ningbo University, Ningbo, 315211 Zhejiang, P. R. China
Abstract. In this paper, we construct a series of additional flows of the
CKP hierarchy and the multi-component CKP hierarchy and these flows
constitute a N -folds direct product of the positive half of the quantum
Torus symmetry. Comparing to the W∞ infinite dimensional Lie symmetry,
this quantum Torus symmetry has a nice algebraic structure with double
indices.
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1. Introduction
The KP hierarchy is one of the most important integrable hierarchies and it
arises in many different fields of mathematics and physics such as enumerative
algebraic geometry, topological field and string theory. It has perfect structures
such as the Virasoro type additional symmetry which has been extensively
studied in literature([1],[2],[3],[4],[5]). Date, Jimbo, Kashiwara and Miwa ex-
tended their work on the KP hierarchy to the multi-component KP hierarchy
in([6]). The additional symmetries have been studied by Orlov and Schulman
about the explicit form of the additional flows of the KP hierarchy in([2]). The
dynamic variables are included in this kind of additional flows which form a
centerless W1+∞ algebra. However, by using the Virasoro constraint and string
equations, this algebra is closely related to the theory of matrix models([7],[8]).
In the literatures([9],[10],[11],[12]), the Block algebra which is a generalization
of Virasoro algebras has been studied extensively in the field of Lie algebras.
In addition, Block type additional symmetries of the bigraded Toda hierarchy
have been given in the paper([13]). Later, a lot of studies on integrable sys-
tems and Block algebras have been shown, such as([14],[15],[16]). Using the
quantization, the Block Lie algebra can be generalized to the quantum torus
Lie algebra that is shown out in a few literatures([17],[18]).
∗ Corresponding author: lichuanzhong@nbu.edu.cn.
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As we all know, the BKP hierarchy and the CKP hierarchy are two sub-
hierarchies of the KP hierarchy. However, many studies on additional symme-
tries about the BKP hierarchy have been done, such as the additional sym-
metry of the BKP hierarchy([19]), the quantum torus symmetry of the BKP
hierarchy([18]), the additional symmetry of the supersymmetric BKP hierachy
([20]) and so on. About the CKP hierarchy, the additional symmetry of the
CKP hierarchy has been given in the paper([3]), with the above preparation,
we should pay our attention on the quantum torus symmetry of the CKP hi-
erarchy and the multi-component CKP hierarchy.
The organization of this paper is as follows. We firstly review the Lax
equation of the CKP hierarchy in section 2. In section 3, under the basic Sato
theory, we construct the additional symmetry of the CKP hierarchy which
forms a quantum torus Lie algebra. We will give a brief description of the
multi-component CKP hierarchy in section 4. In section 5, the quantum torus
symmetry is further generalized to the multi-component CKP hierarchy.
2. The CKP hierarchy
The pseudo-differential operator is as
L = ∂ + u1∂
−1 + u2∂
−2 + u3∂
−3 + ..., (2.1)
and then the KP hierarchy is defined by
∂L
∂tn
= [Bn, L], n = 1, 2, 3, .... (2.2)
Here Bn = (L
n)+ =
n∑
k=0
ak∂
k denotes the non-negative powers of ∂ in Ln,
∂ = ∂/∂x, ui = ui(x = t1, t2, t3, ..., ). In order to define the CKP hierarchy, we
need a formal adjoint operation ∗ for an arbitrary pseudo-differential operator
P =
∑
i
pi∂
i, here we have P ∗ =
∑
i
(−1)i∂ipi. For example, ∂
∗ = −∂, (∂−1)∗ =
−∂−1, and (AB)∗ = B∗A∗ for two operators A,B. The CKP hierarchy is a
reduction of the KP hierarchy by the constraint
L∗ = −L (2.3)
which freeze all even flows of the KP hierarchy, i.e. the Lax equation of the
CKP hierarchy has only odd flows,
∂L
∂t2n+1
= [B2n+1, L], n = 0, 1, 2, ..., (2.4)
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thus ui = ui(t1, t3, ...) for the CKP hierarchy.
Basing on the definition, the Lax operator of the CKP hierarchy has form
Lc = ∂ +
∑
i≥1
ui∂
−i, (2.5)
such that
L∗c = −Lc. (2.6)
We call eq.(2.6) the C type condition of the CKP hierarchy. The CKP hierar-
chy is defined by the following Lax equations:
∂Lc
∂tk
= [(Lkc )+,Lc], k ∈ Z
odd
+ . (2.7)
However, the operator Lc can be generated by a dressing operator Φc = 1 +
∞∑
j=1
ωj∂
−j in the following way
Lc = Φc∂Φ
−1
c , (2.8)
in which Φc satisfies
Φ∗c = Φ
−1
c . (2.9)
At the same time, the dressing operator Φc needs to satisfy the following Sato
equation
∂Φc
∂tk
= −(Lkc )−Φc, k = 1, 3, 5, ... (2.10)
3. Quantum torus symmetry of the CKP hierarchy
Basing on the above dressing structure and Sato equations, it is convenient
that we construct the Orlov-Schulman’s operator which is used to give the
quantum torus symmetry of the CKP hierarchy. In the next section, the
additional symmetry and the algebraic structure of the additional flows of the
CKP hierarchy will be discussed.
At first, we define the operator Γc and the Orlov-Schulman’s operatorMc as
Γc =
∑
i∈Zodd+
iti∂
i−1,Mc = ΦcΓcΦ
−1
c . (3.1)
The Lax operator Lc and the Orlov-Schulman’s operator Mc satisfy the fol-
lowing canonical relation
[Lc,Mc] = 1. (3.2)
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The Lax equation of the CKP hierarchy can be given by the consistent condi-
tions of the following set of linear partial differential equations
Lcωc(t; z) = zωc(t; z),
∂ωc(t; z)
∂t2n+1
= B2n+1ωc(t; z), t = (t1, t3, t5, ...). (3.3)
Here ωc(t; z) is identified as a wave function, using the wave operator Φc =
1 +
∞∑
j=1
ωj∂
−j , the wave function admit the following representation
ωc(t; z) = Φce
ξc(t;z), (3.4)
where the function of ξc is defined as ξc(t; z) =
∑
k∈Zodd
+
tkz
k. With the above
preparation, it is time to construct additional symmetries for the CKP hierar-
chy in the next section. Basing on the above basic knowledge, we can get that
the operatorMc satisfy
[Lc,Mc] = 1,Mcωc(z) = ∂zωc(z); (3.5)
∂Mc
∂tk
= [(Lkc )+,Mc], k ∈ Z
odd
+ . (3.6)
Given any pair of integers (m,n), where m ≥ 0, n ≥ 0, we will have the
following monomials in Lc and Mc
Amn =M
m
c L
n
c − (−1)
nLncM
m
c . (3.7)
For any monomials Amn in (3.7), we can get
∂Amn
∂tk
= [(Lkc )+, Amn], k ∈ Z
odd
+ . (3.8)
Next, we should prove Amn satisfy a C type condition with the following
lemma.
Lemma 3.1. The operator Mc satisfies the following identity
M∗c =Mc. (3.9)
Proof. By using
Φ∗c = Φ
−1
c ,Γ
∗
c = Γc, (3.10)
then we have
M∗c = (ΦcΓcΦ
−1
c )
∗ = (Φ−1c )
∗Γ∗cΦ
∗
c = ΦcΓcΦ
−1
c =Mc. (3.11)
Using the lemma (3.1) above, it is easy to check that the operator Amn satisfy
the C type condition, we have
A∗mn = −Amn. (3.12)
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Now we will denote the operator Cmn as
Cmn := e
mMcqnLc − q−nLcemMc , (3.13)
which will further leads to
Cmn =
∞∑
p,s=0
mp(n log q)s(MpcL
s
c − (−1)
sLscM
p
c)
p!s!
=
∞∑
p,s=0
mp(n log q)sAps
p!s!
.
(3.14)
By using the eq.(3.12), we can get the C type anti-symmetry property of Cmn
by the following calculation
C∗mn = (
∞∑
p,s=0
mp(n log q)sAps
p!s!
)∗
= −
∞∑
p,s=0
mp(n log q)sAps
p!s!
= −Cmn.
Therefore, the operator Cmn satisfy the following C type condition
C∗mn = −Cmn. (3.15)
On the basis of the quantum parameter q, the additional symmetry flows for
the time variable tm,n, t
∗
m,n are defined as follows
∂Φc
∂tm,n
= −(Amn)−Φc,
∂Φc
∂t∗m,n
= −(Cmn)−Φc, (3.16)
which are equivalent to
∂Lc
∂tm,n
= −[(Amn)−,Lc],
∂Mc
∂t∗m,n
= −[(Cmn)−,Mc]. (3.17)
Similarly, we can also get
∂t∗
l,k
(Cmn) = [−(Clk)−, Cmn]. (3.18)
Remark 3.2. From the specific construction of the operator Cmn, we can
see that the reduction condition in eq.(2.6) bring important impacts on the
generators of the additional symmetry flows.
The commutativity of the additional flow ∂
∂t∗mn
with the additional flow ∂
∂tk
can be derived by the following theorem.
Theorem 3.3. The additional flows ∂t∗m,n are symmetries of the CKP hierar-
chy, which commute with all flows ∂tk of the CKP hierarchy, i.e.
[∂t∗m,n , ∂tk ] = 0. (3.19)
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Proof. Using the eq.(2.10) and eq.(3.16), we have
[∂t∗m,n , ∂tk ]Φc = −∂t∗m,n(Lc
k
−Φc) + ∂tk((Cmn)−Φc)
= [(Cmn)−,L
k
c ]−Φc + Lc
k
−(Cmn)−Φc + [Lc
k
+, Cmn]−Φc − (Cmn)−Lc
k
−Φc
= [(Cmn)−,L
k
c ]−Φc + [Lc
k
+, (Cmn)−]−Φc + [Lc
k
−, (Cmn)−]Φc
= [(Cmn)−,Lc
k
−]−Φc + [Lc
k
−, (Cmn)−]Φc
= 0
As we all know, the additional flows ∂tl,k of the CKP hierarchy form the fol-
lowing W∞ algebra which has been shown in [3]
[∂tp,s , ∂ta,b]Lc =
∑
αβ
C
(ps)(ab)
αβ ∂tαβLc.
Now it is time for us to give the algebraic structure of the additional flows ∂t∗
l,k
of the CKP hierarchy.
Theorem 3.4. The additional flows ∂t∗
l,k
of the CKP hierarchy form the posi-
tive half of quantum torus algebra, we have
[∂t∗n,m , ∂t∗l,k ] = (q
ml
− qnk)∂t∗
n+l,m+k
, n,m, l, k ≥ 0. (3.20)
Proof. Similarly to eq.(3.14), we can rewrite the quantum torus flow which
is a combination of the additional flows ∂tm,n as follows
[∂t∗n,m , ∂t∗l,k ]Lc = [
∞∑
p,s=0
np(m log q)s
p!s!
∂tp,s ,
∞∑
a,b=0
la(k log q)b
a!b!
∂ta,b ]Lc
=
∞∑
p,s=0
∞∑
a,b=0
np(m log q)s
p!s!
la(k log q)b
a!b!
[∂tp,s , ∂ta,b ]Lc
=
∞∑
p,s=0
∞∑
a,b=0
np(m log q)s
p!s!
la(k log q)b
a!b!
∑
αβ
C
(ps)(ab)
αβ ∂tαβLc
= (qml − qnk)
∞∑
α,β=0
(n+ l)α((m+ k) log q)β
α!β!
∂tα,βLc
= (qml − qnk)∂t∗
n+l,m+k
Lc.
Therefore, we find that the additional flows ∂t∗
l,k
constitute a perfect quantum
torus algebra.
4. The multi-component CKP hierarchy
In this section, we consider the N-component CKP hierarchy. There are N
infinite families of time variables tα,k for it, where α = 1, 2, ...,N, k = 1, 3, 5, ....
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The Lax operator of the N-component CKP hierarchy has the form
Lc = D∂ + u1∂
−1 + u2∂
−2 + ..., (4.1)
in which the coefficientsD, u1, u2, ... areN×Nmatrices andD = diag(d1, d2, ..., dN).
There are another N pseudo-differential operators R1, R2, ..., RN which are de-
fined as
Rα = Eα + uα,1∂
−1 + uα,2∂
−2 + ...,
where uα,1, uα,2, ... are N×N matrices, and Eα is also N×N matrix with 1 on
the (α, α)-component and zero elsewhere. The operators Lc, R1, ..., RN satisfy
conditions as follows
LcRα = RαLc, RαRβ = δαβRα,
N∑
α=1
Rα = 1.
We need a formal adjoint operation ∗ for an arbitrary matrix-valued pseudo-
differential operator P =
∑
i
pi∂
i, here we have P ∗ =
∑
i
(−1)i∂ipTi , in another,
there exists (AB)∗ = B∗A∗ for two matrix-valued pseudo-differential operators.
Lc, Rα satisfy
L∗c = −Lc, R
∗
α = Rα. (4.2)
The Lax equations can be defined as
∂Lc
∂tαk
= [Aα,k, Lc],
∂Rβ
∂tαk
= [Aα,k, Rβ], Aα,k := (L
k
cRα)+, k ∈ Z
odd
+ . (4.3)
Therefore, the Lax operator Lc and Rα have the dressing structures as follows
Lc = ΨcD∂Ψ
−1
c , Rα = ΨcEαΨ
−1
c ,
where the operator ∂ is equivalent to a−11 ∂t11 + a
−1
2 ∂t21 + ... + a
−1
N
∂tN
1
and the
dressing operator Ψc should satisfy
Ψ∗c = Ψ
−1
c . (4.4)
Here, eq.(4.2) is the C type condition of the N-component CKP hierarchy. In
addition, the operators Aα,k satisfy the C type condition as follows
A∗α,k = −Aα,k, (4.5)
and the dressing operator Ψc satisfies the following Sato equation
∂Ψc
∂tαk
= −(LkcRα)−Ψc. (4.6)
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5. Quantum torus symmetry of the multi-component CKP
hierarchy
In order to construct the additional quantum torus symmetry of the multi-
component CKP hierarchy, the operator Γc and the Orlov-Schulman’s operator
Mc should be defined as
Γm =
∑
i∈Zodd
+
N∑
j=1
itjiD
−1Ejj∂
i−1, Mc = ΨcΓmΨ
−1
c . (5.1)
The Lax equation of the multi-component CKP hierarchy can be described
by the consistent conditions of the following set of linear partial differential
equations
Lcωc(t; z) = zωc(t; z),
∂ωc
∂tj2n+1
= (L2n+1c Rj)+ωc, t = (t1, t3, t5, ...). (5.2)
Here the wave function can be defined as
ωc(t; z) = Ψce
ξc(t;z), (5.3)
in which the wave operator of the multi-component CKP hierarchy is given
by Ψc = 1 +
∞∑
i=1
ωi∂
−i, i ∈ Z and the the matrix function ξc is defined as
ξc(t; z) =
∑
k∈Zodd+
N∑
j=1
tjkEjjz
k. In addition, it is easy to see ∂iexz = ziexz, i ∈ Z.
Basing on the above preparation, it is high time that we construct the addi-
tional quantum torus symmetry of the multi-component CKP hierarchy. The
Lax operator Lc and the Orlov-Schulman’s operator Mc satisfy the following
matrix canonical relation
[Lc,Mc] = 1, (5.4)
in another, the Orlov-Schulman’s operator Mc satisfies
Mcωc(z) = ∂zωc(z),
∂Mc
∂tjk
= [(LkcRj)+,Mc], k ∈ Z
odd
+ . (5.5)
To any pair of integers (m,n) with m ≥ 0, n ≥ 0, the matrix operator Amnj
can be defined as
Amnj =M
m
c L
n
cRj − (−1)
nRjL
n
cM
m
c , (5.6)
and we have
∂Amnj
∂tsk
= [(LkcRs)+, Amnj ], k ∈ Z
odd
+ . (5.7)
Using the lemma (3.1) and the eq.(4.5), we have
A∗mnj = (M
m
c L
n
cRj − (−1)
nRjL
n
cM
m
c )
∗
8
= (−1)nRjL
n
cM
m
c − (−1)
2nMmc L
n
cRj
= (−1)nRjL
n
cM
m
c −M
m
c L
n
cRj
= −(Mmc L
n
cRj − (−1)
nRjL
n
cM
m
c )
= −Amnj .
Therefore, it is easy for us to get that the Amnj satisfies the C type condition
A∗mnj = −Amnj . (5.8)
A matrix operator Cmnj can be denote as
Cmnj := e
mMcqnLcRj − Rjq
nLcemMc , (5.9)
which further leads to
Cmnj =
∞∑
p,s=0
mp(n log q)s(Mpc L
s
cRj − (−1)
sRjL
s
cM
p
c )
p!s!
=
∞∑
p,s=0
mp(n log q)sApsj
p!s!
.
(5.10)
By using eq.(5.8), we will get the C type anti-symmetry property of Cmnj by
the following calculation
C∗mnj = (
∞∑
p,s=0
mp(n log q)sApsj
p!s!
)∗
= −
∞∑
p,s=0
mp(n log q)sApsj
p!s!
= −Cmnj .
Therefore, the matrix operator Cmnj satisfies the C type condition
C∗mnj = −Cmnj . (5.11)
The additional flows for the time variable tjm,n, t
∗j
m,n are defined on the basis of
the quantum parameter q as follows
∂Ψc
∂tjm,n
= −(Amnj)−Ψc,
∂Ψc
∂t∗jm,n
= −(Cmnj)−Ψc, (5.12)
which are equivalent to
∂Lc
∂tjm,n
= −[(Amnj)−, Lc],
∂Mc
∂t∗jm,n
= −[(Cmnj)−,Mc]. (5.13)
In another, we can get
∂t∗i
l,k
(Cmnj) = [−(Clki)−, Cmnj]. (5.14)
With the reduction condition in the eq.(4.2) on the generators of the additional
torus symmetry flows, we construct the matrix operator Cmnj .
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Theorem 5.1. The additional flows ∂
t
∗j
m,n
are symmetries of the multi-component
CKP hierarchy, which commute with all flows ∂
t
j
k
of the multi-component CKP
hierarchy as
[∂
t
∗j
m,n
, ∂
t
j
k
] = 0. (5.15)
Proof. The proof is similar as the CKP hierarchy by using the Theorem
3.3. So the detail will be omitted here. Therefore, the additional flows ∂
t
∗j
m,n
of
the multi-component CKP hierarchy commute with all flows ∂
t
j
k
of the multi-
component CKP hierarchy.
It is well known that the additional flows ∂tl,k of the CKP hierarchy form the
W∞ algebra which has been shown in [3].
[∂tp,s , ∂ta,b ]Lc =
∑
αβ
C
(ps)(ab)
αβ ∂tαβLc.
The additional flows ∂ts
l,k
of the multi-component CKP hierarchy form the
following N-folds direct product of the W∞ algebra as follows
[∂trp,s , ∂tca,b ]Lc = δrc
∑
αβ
C
(ps)(ab)
αβ ∂tcα,βLc.
Comparing to the quantum torus symmetry flows of the CKP hierarchy given
by
[∂t∗n,m , ∂t∗l,k ] = (q
ml
− qnk)∂t∗
n+l,m+k
, n,m, l, k ≥ 0,
now it is high time that we construct the algebraic structure of the additional
flows ∂
t
∗j
l,k
of the multi-component CKP hierarchy.
Theorem 5.2. The additional flows ∂t∗i
l,k
of the multi-component CKP hierar-
chy form the
⊗NQT+ algebra(N-folds direct product of the positive half of the
quantum torus algebra QT), we get
[∂t∗rn,m , ∂t∗j
l,k
] = δrj(q
ml−qnk)∂t∗r
n+l,m+k
, n,m, l, k ≥ 0, 1 ≤ r, j ≤ N. (5.16)
Proof. Similar to eq.(5.10), we can rewrite the quantum torus flow which
is a combination of the additional flows ∂
t
j
m,n
as follows
[∂t∗rn,m , ∂t∗j
l,k
]Lc = [
∞∑
p,s=0
np(m log q)s
p!s!
∂trp,s ,
∞∑
a,b=0
la(k log q)b
a!b!
∂
t
j
a,b
]Lc
=
∞∑
p,s=0
∞∑
a,b=0
np(m log q)s
p!s!
la(k log q)b
a!b!
[∂trp,s , ∂tj
a,b
]Lc
=
∞∑
p,s=0
∞∑
a,b=0
np(m log q)s
p!s!
la(k log q)b
a!b!
∑
αβ
C
(ps)(ab)
αβ δrj∂trα,βLc
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= (qml − qnk)
∞∑
α,β=0
(n+ l)α((m+ k) log q)β
α!β!
δrj∂tr
α,β
Lc
= (qml − qnk)δrj∂t∗r
n+l,m+k
Lc.
Therefore, we can derive a perfect quantum algebra of the multi-component
CKP hierarchy which is similar to the quantum torus symmetry of the CKP
hierarchy.
6. Conclusions and Discussions
In this paper, we construct the quantum torus symmetry of the CKP hierar-
chy and the multi-component CKP hierarchy. Meanwhile, the quantum torus
symmetry flows form the quantum torus algebra which is given. In the further
study, we are looking forward to giving out more quantum torus symmetry
of the KP type integrable hierarchies and finding out the application of these
quantum torus symmetries.
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